In this work we shall study ghost-free non-local F (R) gravity models. Firstly we shall demonstrate how the ghost degrees of freedom may occur in the non-local F (R) gravity models, and accordingly we shall modify appropriately the gravitational action of non-local F (R) gravity models in order to eliminate the ghosts. Also we shall investigate how the (anti-)de Sitter and the Minkowski spacetime cosmological solutions may arise in the theory, and we investigate when these solutions are stable. Moreover, we shall examine the inflationary phenomenology of the Jordan frame ghost-free non-local F (R) gravity. We shall study two F (R) gravity models, the power law F (R) gravity model ∼ R n with 1 < n < 2, n = 2 and the R 2 model, assuming that the slow-roll condition holds true for the Hubble rate during the inflationary eraḢ ≪ H 2 and that the general constant-roll condition φ = 3βHφ holds true for the evolution of the scalar field, which includes the slow-roll case for β = 0. As we shall demonstrate, the power-law non-local F (R) gravity case can produce a viable inflationary era, compatible with observations, in the constant-roll case, unlike for the R 2 model. It is conceivable that the results are model dependent, as in the ordinary vacuum F (R) gravity.
I. INTRODUCTION
Einstein's final task and idea was to find a unified field theory of everything, a theory in which all the fundamental interactions might be explained in the same framework in a fundamental way. Ever since, theoretical physicists focused in finding the fundamental theory of everything, with the most important theory that emerged being, to our opinion, string theory quantified in its various M -theory variants. However, the M -theory predictions provide phenomenological results that can be verified at very high energies, making the experimental testing at a pragmatic level, rather an far future or a futile task. Thus the quantization of gravity remains an unsolved problem, and by quantization we mean the whole process of embedding the gravitational field in the already successful field theories that the quantization procedure resulted to experimental verifications of their predictions.
In the process of finding the fundamental theory, however, many physicists realized that it may be possible to discover imprints of the unified theory of everything in the classical physics, by using a up-bottom approach, contrary to the string theory framework which is a bottom-up theory, trying to extract the classical theory, from the fundamental theory itself. Indeed, if one adopts the up-bottom approach, one may seek for effective gravitational theories, that may include terms of the quantum unified theory of everything, accompanying the standard classical theory of the Einstein-Hilbert gravity. The reason for trying to do this is mainly because, although the classical theory of gravity seems to be perfectly describing astrophysical phenomena, at large scales it seems to be lacking of a self-consistent description. Indeed, after the discovery of the accelerating expansion of the Universe [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , it was realized that a modification of gravity is needed in order to perfectly describe the late-time acceleration era. In this line of research, many modified gravity models have been proposed [11] [12] [13] [14] [15] [16] [17] , in the context of which the late-time acceleration may be described, or sometimes inflation and dark energy may be described in a unified way within the same theoretical framework [18] .
One of the most promising modified gravity theories, which also has a direct with an underlying quantum effective theory of gravity, is the non-local gravity, see Refs. [19] [20] [21] for recent reviews on the subject. This theory was preliminary proposed in Ref. [22] , however the original version could not take into account cosmological phenomena. A consistent non-local gravity model that took also into account cosmological phenomena, was proposed in [23] , and ever since it has been actively investigated [21, . In general, the non-local models of gravity, and also of nonlocal F (R) gravity, can be rewritten in a local form by introducing scalar field(s). With the present paper we aim to demonstrate the non-local F (R) theories of gravity are compromised by the existence of ghost degrees of freedom, that may result to destabilizing the effective gravitational theory framework of non-local F (R) gravity. In addition and more importantly, we aim to propose a direct remedy for the non-local F (R) gravity, by providing a ghost-free modification of the non-local F (R) gravity theory. We shall thoroughly investigate the cosmological aspects of these theories, and we shall demonstrate that it is possible for these theories to have an exact solution which describe the (anti-)de Sitter or the flat Minkowski spacetime. We also find the conditions for which the solutions become stable. Finally, we shall thoroughly investigate the inflationary phenomenological aspects of the ghost-free non-local F (R) gravity theory in the Jordan frame, for a flat cosmological geometry, by assuming a slow or a constant-roll evolution for the scalar fieldφ = 3βHφ, and the standard slow-roll approximation for the Hubble rate, namelyḢ ≪ H 2 , during the whole inflationary era. We examine two cases of power-law F (R) gravity models, a standard power-law ∼ R n , with 1 < n < 2 and n = 2, and a R 2 gravity model. The reason of discriminating these two cases is mainly a technical simplification that occurs in the R 2 case, which enables us to extract more accurate results analytically. For both the cases we present the technical formalism for calculating the slow-roll indexes and the corresponding spectral index of the primordial curvature perturbations and the tensor-to-scalar ratio, and we calculate in detail the Hubble rate as a function of the e-foldings number and the free parameters of the theory. As we demonstrate, the power-law F (R) gravity can be compatible with the latest (2018) Planck constraints on the inflationary parameters [51] , if the scalar field satisfies the constant-roll evolution, even for small β values, however, the R 2 produces less appealing phenomenological results.
This paper is organized as follows: In section II we demonstrate how ghosts may occur in non-local F (R) gravity theories, while in section III we discuss how we can modify the non-local F (R) gravity models action in order to avoid the ghost degrees of freedom. In section IV we study how the (anti-)de Sitter and the Minkowski spacetime solutions can be realized by the ghost free non-local F (R) gravity model, and in section V we investigate the phenomenological inflationary predictions of the non-local F (R) gravity models, by working in the Jordan frame and in the absence of any matter perfect fluids. We study the ghost-free power-law and R 2 non-local F (R) and we confront the results with the latest Planck data. Finally, the conclusions follow in the end of the paper.
II. GHOST IN NON-LOCAL F (R) GRAVITY
Before constructing the ghost-free models of non-local gravity, we shall discuss how the ghosts occur in the standard non-local F (R) models. We may consider the non-local F (R) gravity, whose action is given by,
By introducing two scalar fields λ and φ, we may rewrite the action (1) in a local form,
Accordingly, the action can be further cast in the following form,
where λ k = λ and φ 1 = φ. Furthermore, by introducing additionally two scalar fields A and B, we may further rewrite the action as follows,
Upon varying the above action with respect to the scalar field A, we obtain,
Then we may rewrite the action (4) as follows,
By performing the following scale transformation of the metric,
the action (17) can be obtained in the Einstein frame, and it is equal to,
The above expression indicates that ghost modes occur. First for the simplicity, we consider the case k = 1. Then the action (8) is simplified to the following form,
The kinetic terms of the scalar fields σ, φ 1 , and A are rewritten as follows,
Since the determinant of K is given by,
in effect det K is negative and therefore a ghost mode occurs. Upon varying the action (9) with respect to A, we obtain,
which can be solved with respect to A as follows,
Then the action (9) can be rewritten as follows,
Thus, the original non-local F (R) gravity with action given in Eq. (1) clearly leads to ghost modes. In the next section we propose some modified models of non-local F (R) gravity which may alleviate the ghosts.
III. NON-LOCAL GRAVITY MODELS WITHOUT GHOST
In this section, we construct the models of non-local F (R) gravity without ghost modes. As a first example, we consider the following action,
which can be rewritten as follows,
Further, by introducing additionally two scalar field A and B, we may further rewrite the above action as follows,
Upon variation of the action with respect to A, we obtain,
which can be solved with respect to A as A = A (φ, B). Then we can further rewrite the action (17) as follows,
By the scale transformation of the metric,
the action (19) can be rewritten in the Einstein frame, and it is equal to,
As it is clear from the kinetic terms of the scalar fields φ and σ, the model has no ghosts as long as e
As an extension of the model (15), we consider the following model,
Then instead of (21) in the Einstein frame, we obtain the following Einstein frame action,
Here A (φ, σ) is again given by solving (18), e σ = B = 1 − φF ′ (A). Then if e σ > 0, as clear from the kinetic terms, again, the model has no ghosts. As another extension of the model (15), we may consider the following action,
Unless k = 1, this model has a ghost in general. When k = 2, the action (25) takes the following form (λ = λ 1 , φ = φ 1 ),
By introducing λ which is defined as follows,
we may rewrite the action (26) as follows,
Then we may integrate ξ out of the action, and disregard ξ thereafter, thus the resulting action reads,
The kinetic term 1 2 φ η indicates that a ghost mode may still occur. In order to avoid this problem, we may deform the model by adding kinetic terms for η and φ as follows,
where α and β are constants. By the variation of the action with respect to η, we obtain,
which can be solved with respect to η as follows,
By substituting the above expression of η into the action (30), we obtain,
Upon variation of the action (33) with respect to φ, we obtain,
which we can solve with respect to φ,
Then by substituting the above expression into Eq. (33), we obtain the following non-local action,
In order to determine if the model (36) or (30) has a ghost mode or not, we rewrite the action (30) as in Eq. (19) , that is,S
where A (φ, σ) is given by solving the equation e σ = 1 − φF ′ (A), again. Then by performing the scale transformation of the metric given in Eq. (20), we obtain the action in the Einstein frame,
Then as long as the following constraints hold true,
no ghost modes occur in the theory.
In this section we shall investigate whether the ghost free non-local F (R) gravity models discussed in the previous section, have solutions some cosmological evolutions of interest. Firstly, let us consider if the model (15) has the Minkowski spacetime or the de Sitter spacetime solution. We start with the form of the action given in Eq. (17) . Then in addition to Eq. (18), upon varying the action with respect to φ, A, and g µν , we obtain,
By using the constants R 0 and φ 0 , we now assume,
and we neglect the contribution from the perfect matter fluids hereafter, so T matter µν = 0. Then by using Eq. (18), (40), (41) , and Eq. (42), we obtain,
Then if the following conditions for F (R) at R = R 0 ,
are satisfied, we find,
Then if R 0 , which satisfies the conditions in (45) , is positive, we have the solution describing the de Sitter spacetime.
On the other hand, if R 0 is negative, we obtain the solution corresponding to the anti-de Sitter spacetime. Furthermore if R 0 vanishes, the solution describes the flat Minkowski spacetime. The solution (46) also indicates that,
so this guarantees that no ghost mode occurs upon perturbating around the background. The general form of F (R) satisfying the conditions in Eq. (45) is given by,
where f (R) is an arbitrary function satisfying f (R 0 ) = 0. An interesting example is,
Now f (R) satisfies the conditions f R (i) 0 = 0 (i = 1, 2, · · · , n), which has several (anti-)de Sitter solutions corresponding to R = R (i) 0 . In order to investigate the stability, we consider the potential U in (21) ,
Then the extrema of the potential U (φ, B) are found by solving the following equations,
If we assume (46), we find,
Then the (anti-)de Sitter solution in (46) corresponds to the extrema of the potential U (φ, B). Since the following holds true,
for the solution in (46), we find,
Then if the following conditions hold true,
the solution is stable. For example, we assume
where c 1 and c 2 are constant with appropriate dimensions. Then we find,
and therefore the conditions in Eq. (55) are quantified for the model at hand as follows,
Therefore if c1 c2 > R 0 > 0, there is a stable de Sitter solution.
V. INFLATIONARY PHENOMENOLOGY OF GHOST-FREE NON-LOCAL F (R) GRAVITY THEORY
Having discussed the essential features of the ghost-free non-local F (R) theories of gravity, in this section we shall explore the inflationary phenomenology of the models in the Jordan frame and in the absence of any perfect matter fluids. Specifically we shall be interested in the model of Eq. (15) or equivalently in the model (16) . We quote here the gravitational action for convenience, in the absence of matter fluids, which is,
In the following we introduce the following notation,
and f R in the following will stand for,
where the prime denotes differentiation with respect to the Ricci scalar. Also, f φ in the following will denote,
Assuming that the background metric is a flat Friedmann-Robertson-Walker (FRW) background with line element,
upon varying the gravitational action (59) with respect to the metric tensor and the scalar field, we obtain the gravitational equation of motion, which for the FRW metric read,
where the "dot" in the above equations denotes differentiation with respect to the cosmic time t. For the model (59) the gravitational wave speed is c T = 1 and also the speed of sound is also c A = 1 [52] . Let us work on the equations of motion, and by combining Eqs. (65) and (66) we obtain the following,
The inflationary dynamics for models of the form f (R, φ) have been worked out in Ref. [52] . The slow-roll indices are equal to,
where the function E appearing above is defined to be,
The scalar perturbations for the f (R, φ) theory at hand result to the following spectral index, which is,
and the tensor-to-scalar ratio is in the case at hand,
It is easy to understand that the inflationary phenomenology of the model (59) will highly depend on the F (R) gravity model. In the following sections we shall investigate two models of interest, the power law F (R) gravity, in which case F (R) ∼ R n for general n, and a specific case of power-law F (R) gravity, the R 2 gravity. In both cases we shall assume that the slow-roll condition for the Hubble rate holds true, during the inflationary era, that is,
while the scalar field will be assumed to satisfy the general slow-roll evolution,
However, for convenience and in order to cover simultaneously all the possible dynamical evolutions for the scalar field, we shall assume that the scalar field evolves as,φ = 3βHφ ,
so when β = 0, the scalar field obeys the constant-roll evolution rules [53, 54] , and when β = 0 the scalar field evolves in the standard slow-roll way. Note that the slow-roll conditions for the Hubble rate (72) do not affect directly, or are not related to the evolution of the scalar field. However, the two evolutions are related once the equations of motion are used, at a fundamental level though, the evolution conditions are unrelated.
A. General non-local Ghost Free Power-law F (R) Gravity Inflationary Phenomenology Let us firstly consider the case that the F (R) gravity appearing in the action of Eq. (59) has the general power-law form,
with n being any number 1 < n < 2 except for n = 2, which will be discussed in the next subsection, and α being a dimensionful parameter of the theory. In this case, by using the slow-roll condition for the scalar field (74), the equation of motion (66) for the scalar field yields,
and due to the fact that the Ricci scalar for the FRW metric is R = 12H 2 + 6Ḣ, in conjunction with the slow-roll condition (72), the Ricci scalar during the inflationary era is R ∼ 12H 2 , so we may algebraically solve the equation (76) with respect toφ and we obtain,φ
where γ stands for,
The slow-roll conditions for the Hubble rate can help us to obtain approximate relations for the evolution of φ, expressed in terms of the Hubble rate. In this way, we may solve the equations of motion in order to have an approximate expression for the Hubble rate, and eventually discover the phenomenological implications of the powerlaw model at hand. Unless we follow this research line, the solution of the cosmological equations cannot be obtained in an analytic way, and the task finding the inflationary dynamics is impossible.
For the model at hand we have,
and due to the fact that during the inflationary era, the second term overwhelms the evolution (recall n > 1), we have approximately,
Then, the first Friedman equation, namely Eq. (64) for the model at hand reads,
The last term ∼Ṙ is subdominant, therefore at leading order it can be omitted. Therefore, the resulting equation can be rewritten as,
By using the approximation R ∼ 12H 2 , we finally obtain,
where A is,
Having Eqs. (83) and (77) at hand, we can easily express the slow-roll indices (68) in terms of the Hubble rate, always having in mind the slow-roll conditions (72), so we obtain the following simplified solutions,
As it is obvious, the slow-roll indices ǫ 3 and ǫ 4 can be expressed as a function of the slow-roll index ǫ 1 , so these two can be further written as,
Eventually, what remains is to find the approximate cosmological evolution generated by the non-local power-law F (R) gravity model at hand, in the slow-roll approximation. So by substituting the evolution for φ andφ from Eqs. (83) and (77) in the differential equation (67), we may obtain a differential equation for the Hubble rate, and by solving it, we can find the cosmological evolution during the inflationary era for the model at hand. So at leading order, in view of Eqs. (83) and (77), the differential equation (67) at leading order reads,
so by using the approximation R ∼ 12H 2 which holds true during the inflationary era, and by keeping the dominant terms, we finally obtain the following approximate analytic solution,
where A and γ are defined in Eqs. (84) and (98). Note that the above evolution does not necessarily describe an inflationary evolution, but as we shall demonstrate, for the values of the parameters that guarantee the phenomenological viability of the model, the evolution is as expected an inflationary evolution. Let us proceed to investigate the phenomenological viability of the model. The slow-roll indices are easily obtained since these are expressed in terms of the slow-roll index ǫ 1 , which for the Hubble rate (88) reads,
and accordingly, the observational indices n s and r appearing in Eqs. (70) and (71) can easily be calculated and expressed in terms of the free parameters of the theory. We shall not quote here the resulting expression for the spectral index, since it is too lengthy, but the tensor-scalar-ratio has a particular simple form which is, r = − 24(n − 2) 3(β + 1) 2 n 3 − 6β(β + 1)n 2 + 6β 2 + β − 3 n − 4 n(3(β + 1)n + 1) (6β + 3(β + 1)n 2 − 6(β + 1)n + 7)
.
Also it is notable that the resulting expression of the spectral index is α-independent, and the same applies for the tensor-to-scalar ratio (90). At this point we can check the viability of the model easily by using specific values for the free parameters. For simplicity we shall use the reduced Planck physical units system in which κ 2 = 1. A thorough investigation of the free parameters space shows that the viability of the model comes relatively easy in this power-law model, however, only in the constant-roll case evolution. Indeed, by choosing for example β = 0.0045 and n = 1.99 in reduced Planck units, we have, n s = 0.964331 , r = 0.0341092 ,
which are compatible with the latest (2018) Planck constraints [51] on the spectral index and the tensor-to-scalar ratio, which are, n s = 0.962514 ± 0.00406408 , r < 0.064 .
It can be shown that the simultaneous compatibility of the spectral index and the tensor-to-scalar ratio with the Planck data occurs for a wide range of values of the free parameters β and n. This can be seen in Fig. 1 where we present the plots of the spectral index (left) and of the tensor-to-scalar ratio (right) in the ranges n = [0.0001, 1.99] and β = [0.0001, 0.1]. It would be expected that the viability in the constant-roll case comes for a wider range of 
soä > 0 and we definitely have an inflationary solution. This result occurs for a wide range of parameter values and an inflationary solution is guaranteed for values of β and n for whichä > 0.
B. Non-local Ghost-free R 2 Gravity Inflationary Phenomenology
Having discussed the non-local power-law F (R) gravity model, in this section we shall investigate the R 2 gravity case. We discriminate it from the power-law F (R) gravity case, because in the R 2 case, the gravitational equations are more easy to study, and thus more accurate results may be obtained. This discrimination between the two cases can be found in the context of pure F (R) gravity, see the discussion in Ref. [55] . In the R 2 case, the F (R) gravity function appearing in the action of Eq. (59) has the form,
assuming that the constant-roll conditions hold true for the scalar field (74) and the slow-roll condition holds true for the Hubble rate (72), we have for the scalar field equation of motion,
and since the Ricci scalar during the inflationary era is R ∼ 12H 2 , so solve the equation (96) with respect toφ and we obtain,φ
Following the method of the previous section, we substituteφ from Eq. (97) into equation (64), and using the fact that during inflation,
we easily obtain φ as a function of the Hubble rate, which is,
where A in this case is,
Having Eqs. (100) and (97) at hand, we can easily express the slow-roll indices (68) in terms of the Hubble rate, as follows, solutions,
,
As it is obvious, the slow-roll indices ǫ 3 and ǫ 4 can be expressed in this case too as a function of the slow-roll index ǫ 1 , so we rewrite these two as follows,
As in the previous section, what now remains is to find the approximate cosmological evolution realized by the nonlocal R 2 F (R) gravity, so by substituting the evolution for φ andφ from Eqs. (100) and (97) in the differential equation (67), we obtain the following differential equation at leading order,
which is obviously different from the one corresponding to the power-law case appearing in Eq. (??). Note that B in Eq. (104) is equal to,
(105)
The differential equation (104) has the following analytic solution,
where Λ is an integration constant. Obviously the solution (106) is different from the one corresponding to the powerlaw case of the previous section, namely Eq. (88). The solution (106) is particularly interesting, since it describes a non-singular cosmology, for Λ > 0, or a cosmology which leads to a future Type III future singularity if Λ < 0, see Ref. [56] for the classification of future singularities. In this paper we shall consider the phenomenology of the cosmological evolution (106) in the context of non-local R 2 gravity, but it is surely worth investigating from which pure F (R) gravity this cosmological evolution can be generated, and if it is viable, but we defer this task to a future work. Focusing on the non-local R 2 model at hand, by combining Eqs. (103) and (106), also by solving the equation ǫ 1 (t f ) = 1 and by expressing the horizon crossing time, as a function of the e-foldings number and the final time t f , we obtain the analytic form of the slow-roll indices in terms of the free parameters of the model,
which are evaluated at the time instance of the first horizon crossing. Accordingly the spectral index of the primordial scalar curvature perturbations reads,
while the tensor-to-scalar ratio reads, r = 52(β + 1)
so it is β dependent. A direct substitution β = 0 in the tensor-to-scalar ratio results to r = 7.42857 which in turn indicates that the slow-roll case of the R 2 non-local F (R) gravity model yields phenomenologically non-viable results. Thus we concentrate on the constant-roll case with β = 0. In fact, the 2018 Planck constraint on the tensor-to-scalar ratio, namely r < 0.064 can be satisfied when β > 140, so the viability for this model comes for abnormally large values of β. For example, if we work in reduced Planck units with κ 2 = 1, if we choose N = 60, β = 150 and α = 0.06466797383519735, we have, n s = 0.966 ± 0.00406408, r = 0.0573947 ,
which are compatible with the latest (2018) Planck constraints (92). Although the model is viable in the constant-roll case, the non-local R 2 F (R) gravity model is deemed rather physically unappealing, due to the abnormally large values of the parameter β. This result indicates that the non-local F (R) gravity models are viable in general, but the viability is model dependent, like in the ordinary F (R) gravity models of course. As we already discussed, the cosmology (106) is generated by the non-local R 2 model, however, it would be interesting to investigate which pure F (R) gravity can generate this cosmological evolution, and whether this cosmological evolution can be phenomenologically viable. We defer this task to a future work.
VI. CONCLUSIONS
In this paper we studied ghost-free non-local F (R) gravity models. Our first aim was to demonstrate how ghost degrees of freedom can arise in these theories, so after having shown that, we investigated how it is possible to obtain ghost-free non-local F (R) gravity theories. By appropriately modifying the gravitational action of non-local F (R) gravity theories, we demonstrated that ghost-free theories may be obtained, and we extracted the conditions which must be fulfilled in order to have ghost-free theories. Also we investigated whether (anti-)de Sitter and Minkowski spacetime cosmological solutions may arise in the theory, and we examined the stability conditions for these theories. Moreover we studied the inflationary phenomenology of the Jordan frame ghost-free non-local F (R) gravity. We presented in detail the essential features of the inflationary dynamics of the model, quantified in the slow-roll indices and the corresponding spectral index of the primordial curvature perturbations and the tensor-to-scalar ratio. Then we focused on two F (R) gravity models, the power law F (R) gravity model ∼ R n with 1 < n < 2, n = 2 and the R 2 model. The reason for discriminating among the two power-law models is that in the case of the R 2 model, the gravitational equations of motion are greatly simplified and more accurate analytic results may be obtained. In both cases we assumed that the slow-roll condition on the Hubble rate holds true during the inflationary era, namelẏ H ≪ H 2 and also that the scalar field obeys the general constant-roll conditionφ = 3βHφ, which is reduced to the slow-roll case when β = 0. As we have shown, the power-law non-local F (R) gravity case produces a viable inflationary era, compatible with the latest (2018) Planck data, when the constant-roll condition holds true for the scalar field even for small β values. On the other hand, the R 2 non-local F (R) gravity model was deemed not appealing, since it generates a viable inflationary phenomenology compatible with the observational data only when β takes values larger than β > 140, which is rather not appealing, if not unphysical. The results are of course model-dependent and a better choice of the F (R) gravity can in principle enhance the viability of the model even in the slow-roll evolution case for the scalar field, but we chose the simplest examples in order to just demonstrate the argument.
An interesting feature we found is the form of the Hubble rate during the inflationary era corresponding to the R 2 non-local F (R) gravity model. It is interesting to investigate from which pure vacuum F (R) gravity this cosmological evolution is realized, and whether this evolution is a viable cosmological evolution. Work is in progress towards this research line.
